Let E be a sublattice of a vector lattice F . A net {x α } α∈A ⊆ E is said to be F -order convergent to a vector x ∈ E (in symbols x α F o − → x in E), whenever there exists a net {y β } β∈B in F satisfying y β ↓ 0 in F and for each β, there exists α 0 such that |x α − x| ≤ y β whenever α ≥ α 0 . In this manuscript, first we study some properties of F -order convergence nets and we extend some results to the general cases. Let E and G be sublattices of vector lattices F and H respectively. We introduce F H-order continuous operators, that is, an operator T between two vector lattices E and G is said to be F H-order
Introduction and Preliminaries
To state our result, we need to fix some notation and recall some definitions. A vector lattice E is an ordered vector space in which sup(x, y) exists for every x, y ∈ E. A subspace E of a vector lattice F is said to be a sublattice if for every pair of elements a, b of E the supremum of a and b taken in F belongs to E. A vector lattice is said to be Dedekind complete (resp. σ-complete) if every nonempty subset (resp. countable subset) that is bounded from above has a supremum.
A sublattice E of a vector lattice F is said to be: order dense if for every 0 < x ∈ F there exists 0 < y ∈ E such that y ≤ x.
majorizing if for every x ∈ F there exists y ∈ E such that x ≤ y.
regular if for every subset A of E, inf A is the same in F and in E whenever inf A exists in E.
A Dedekind complete space F is said to be a Dedekind completion of the vector lattice E whenever E is lattice isomorphic to a majorizing order dense sublattice of F . Recall that a non-zero element a ∈ E + is an atom iff the ideal I a consists only of the scalar multiples of a. Let E be a vector lattice. A net {x α } α∈A ⊆ E is said to be order convergent (in short o-convergent) to a vector x ∈ E (in symbols x α o − → x ), whenever there exists a net {y β } β∈B in E satisfying y β ↓ 0 and for each β there exists α 0 such that |x α − x| ≤ y β whenever α ≥ α 0 . Let {x n } be a sequence in a vector lattice E. Consider the sequence {a n } of Cesáro means of {x n }, defined by a n = 1 n n k=1 x k . Let E, G be vector lattices. An operator T : E → G is said to be order bounded if it maps each order bounded subset of E into order bounded subset of G. The collection of all order bounded operators from a vector lattice E into a vector lattice G will be denoted by L b (E, G). The vector space E ∼ of all order bounded linear functionals on vector lattice E is called the order dual of E, i.e., E ∼ = L b (E, R). Let A be a subset of vector lattice E and Q E be the natural mapping from E into E ∼∼ . If Q E (A) is order bounded in E ∼∼ , then A is said to b-order bounded in E. The concept of b-order bounded was first time itroduced by Alpay, Altin and Tonyali, see [5] . It is clear that every order bounded subset of E is b-order bounded. However, the converse is not true in general. For example, the standard basis of c 0 , A = {e n | n ∈ N} is b-order bounded in c 0 but A is not order bounded in c 0 . A linear operator between two vector lattices is order continuous (resp. σ-order continuous) if it maps order null nets (resp. sequences) to order null nets (resp. sequences). The collection of all order continuous (resp. σ-order continuous) linear operators from vector lattice E into vector lattice G will be denoted by L n (E, G) (resp. L c (E, G)). For unexplained terminology and facts on Banach lattices and positive operators, we refer the reader to [2, 3] .
MAIN RESULTS
In this section, E is a sublattice of a vector lattice F . A net {x α } α∈A ⊆ E is said to be F -order convergent (in short F o-convergent) to a vector x ∈ E (in symbols x α F o − → x ), whenever there exists a net {y β } β∈B in F satisfying y β ↓ 0 and for each β there exists α 0 such that
It is clear that if E is regular in F , then every order convergence net (or order bounded set) in vector lattice E is F -order convergent (or F -order bounded), but as following example the converse in general not holds. On the other hand, there is a sequence in E that is order convergent in E and F , but is not F -order convergent in E.
where g is continuous and h vanishes except at finitely many point. Let
It can easily be seen that a net in vector lattice E have at most one Forder limit. The basic properties of F o-convergent are summarized in the next theorem. 
Proof. These follow immediately by definition. Theorem 2.3. Let G be a sublattice of E and E be an ideal of F . Then the following statements hold:
We show that y β ↓ 0 in F . Let 0 u y β for all β. Since {y β } ⊂ E and E is an ideal in F , it follows that u ∈ E and hence u = 0. Thus
As Example 2.1, the condition of boundedness for nets in above corollary is necessary. Now the following example and part (2) of Example 2.1 show that the ideal condition is also necessary. Example 2.5. Assume that E is a set of real valued continuous functions on [0, 1] except at finitely many point and F is Lebesgue integrable real valued functions on [0, 1]. Obviously, E is a sublattice in F , but is not ideal in F .
, ..., the segments that we remove them for constructing of the Contor set P . It is obvious that 
There exists {y β } ⊂ F satisfying, y β ↓ 0 and for fixed β 0 there exists α 0 such that |x α | ≤ y β 0 whenever α ≥ α 0 . So
whenever α ≥ α 0 . Therefore, x α ≤ y β 0 + x for all α ≥ α 0 . Thus sup α≥α 0 x α ≤ y β 0 + x, and so sup α≥α 0 x α ≤ x. It follows that sup α x α ≤ x. Now, assume that x α u for some u ∈ E. By (1), we have x−y β 0 < x α u for all α ≥ α 0 . It follows that x u and the proof follows. The second part has the similar argument.
Theorem 2.9. For each sequence {x n } n∈N in E the following statements hold:
1. If F has an order continuous norm and
Proof.
1. There exists {y m } m∈N in F satisfying, y m ↓ 0 and for every m there exists n 0 such that |x n | ≤ y m whenever n ≥ n 0 . By assumption ||y m || −→ 0, it follows that ||x n || −→ 0. Pick subsequence {x n k } of {x n } such that ||x n k || < 1 2 k for all k. Set z k = ∞ i=k |x n k |. Clearly, z k ∈ E and for some k 0 we have |x n k | ≤ z k ↓ 0 whenever n k ≥ k 0 . This implies that x n k o − → 0 holds in E. 2. By our hypothesis, there exists a subsequence {x n k } such that ||x n k − x|| ≤ 1 k2 k for all k. Since ∞ k=1 k|x n k − x| is norm convergence to some u ∈ F , then k|x n k − x| ≤ u for all k. Clearly, { 1 k u} is a sequence in F such that 1 k u ↓ 0 and |x n k − x| ≤ 1 k u and the proof is complete. 3. There exists a sequence {y m } m∈N in F satisfying, y m ↓ 0 and for every m there exists n 0 such that |x n | ≤ y m whenever n ≥ n 0 . Fix m ∈ N such that |x n | ≤ y m for all n ≥ n 0 . Put z = sup{|x 1 |, |x 2 |, . . . , |x n 0 −1 |, y m }. Thus |x n | ≤ z for all n ∈ N, and so z is an upper bound of {x n } in F . Since E is F -Dedekind complete, it follows that {x n } is bounded in E.
Remark 2.10. It is easy to see that for an order bounded net {x α } in a Dedekind complete (order complete) vector lattice,
The following fact is straightforward.
Lemma 2.11. Let E be a sublattice of a Dedekind complete vector lattice F . Then
The following proposition follows from the double equality of Lemma 2.11 and the proof is straightforward. For a vector lattice E, we write E δ for its order ( or Dedekind) completion. Recall from [4] Theorem 1.41 that E δ is the unique ( up to a lattice isomorphism) order complete vector lattice that contains E as a majorizing and order dense sublattice. In particular, E is regular sublattice of E δ . Theorem 2.13. [11] Let E be a regular sublattice of a vector lattice F . Then If z ∈ F and 0 ≤ z ≤ x for all x ∈ A, then for every β β 0 , we have z ≤ x whenever x ∈ {u ∈ E : u ≥ y β }, so that by using Lemma 2.7 of [11] , we have z ≤ y β for all β β 0 . Hence z = 0. On the other hand inf A = 0 holds in F , and by regularity of E in F , we have inf A = 0 holds in E. Since A is directed downwards, we may view A as a decreasing net in E and it is easy to see that this net dominates {x α − x} in the sense of order convergence. Thus {x α } is order convergent to x in E.
Proof. From Corollary 2.15 and Theorem 2.13, it should be obvious. Proof. Since, for a bounded net, F -order convergence is equivalent to order convergence in F , thus by Theorem 2.13 the result holds. Theorem 2.18. Let E be Dedekind σ-complete. Then the following statements hold:
2. If {x n } n∈N is a sequence in E and x n F o − → 0, then Cesáro means of {x n } is F -order convergent to zero.
1. Suppose {x n } is a disjoint sequence in E. We claim that y n = sup k≥n |x k | ↓ 0 in F . Indeed, assume that y ∈ F and sup y n ≥ y ≥ 0 for all n ≥ 1. Then
(|x k | ∧ |x n |) = 0, holds in F . Thus y ∧ |x n | = 0 holds in F for all n ≥ 1. It follows that y = y ∧ (sup n≥1 |x n |) = sup n≥1 (y ∧ |x n |) = 0 for all n ≥ 1.
It follows that |x n | y n and y n ↓ 0 holds in F . 2. Since F is Dedekind complete, by [1] , we can find a sequence {y n } in F such that y n ↓ 0 and |x n | ≤ y n for all n. Let k n be the integer part of ln(n). Then we have Proof. It can be proven in same manner to Lemma 5.1 of [10] .
F H-order continuous operators
In this section the basic properties of F H-order continuous operators will be studied. In the following, E and G are vector sublattices of vector lattices F and H, respectively. Let {x n } ⊆ E and x ∈ E. The notation x α ↓ F x means that x α ↓ and inf{x α } = x holds in F . Assume that F is a set of real valued functions on [0, 1] of form f = g + h where g is continuous and h vanishes except at finitely many point. Let E = C([0, 1]), {f n } be a decreasing sequence in E + such that f n ( 1 2 ) = 1 for all n ∈ N and f n (t) → 0 for every t = 1 2 . It is clear that f n ↓ 0 in E, but f n ↓ F 0 not holds. Definition 3.1. An operator T : E −→ G between two vector lattices is said to be:
The collection of all F H-order continuous operators will be denoted by L F Hn (E, G), that is
Similarly, L F Hc (E, G) will denoted by the collection of all order bounded operators from E to G that are F H-σ-order continuous. That is, Proof. By Lemma 3.2, since T is order bounded, follows that T = T + − T − . Thus without loss of generality, we assume that T is a positive operator. Suppose that {x α } α∈A is a net in E which is F -order convergent to zero, then there exists a net {y β } β∈B in F satisfying, y β ↓ 0 and for each β there exists α 0 such that |x α | ≤ y β holds whenever α ≥ α 0 . Since T is a positive operator, we have |T x α | ≤ T |x α | ≤ T (y β ) whenever α ≥ α 0 . By assumption we have T (y β ) ↓ 0 in H and so the proof follows.
An other application of the preceding lemma yields the following corollary, in which the techniques of this corollary are similar argument like as Theorem 1.56 [3] , so we omit its proof. The next result presents a useful sufficient condition for a set to be order bounded in two vector lattices. An operator T : E → G is said to be F H-order bounded if it maps each F -order bounded subset of E into H-order bounded subset of G. The collection of all F H-order bounded operators from a vector lattice E into a vector lattice G will be denoted by L F Hb (E, G).
An order bounded operator between two vector lattices E and G is also F H-order bounded. However as following example, the converse need not be true. Then T is a L ∞ [0, 1]ℓ ∞ -order bounded but is not an order bounded operator. Theorem 3.7. For two vector lattices E and F , we have the following:
